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On the consistent interactions in D = 11 among
a graviton, a massless gravitino and a three-form
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Abstract
The couplings that can be introduced between a massless Rarita-
Schwinger field, a Pauli-Fierz field and an Abelian three-form gauge field
in eleven spacetime dimensions are analyzed in the context of the defor-
mation of the solution of the master equation.
PACS number: 11.10.Ef
1 Introduction
The D=11, N=1 SUGRA [1]–[3] has a central role with the advent of M-theory,
whose QFT (local) limit it is. It is known that the field content of D = 11,
N = 1 supergravity is remarkably simple; it consists of a graviton, a massless
Majorana spin-3/2 field, and a three-form gauge field. The aim of this paper is
the analysis of all possible interactions in D = 11 related to this field content.
With this purpose in mind we study first the cross-couplings involving each pair
of these sorts of fields and then the construction of simultaneous interactions
among all the three fields. The method to be used is the deformation technique
of the solution to the classical master equation [4] combined with the local BRST
cohomology [5]. The requirements imposed on the interacting theory are: space-
time locality, analyticity of the deformations in the coupling constant, Lorentz
covariance, Poincare´ invariance (we do not allow explicit dependence on the
spacetime coordinates), preservation of the number of derivatives on each field
(the differential order of the deformed field equations is preserved with respect
to the free model) and the condition that the interacting Lagrangian contains
at most two space-time derivatives (like the free one). In this paper we compute
the interaction terms to order two in the coupling constant. In this way we
obtain that the first two orders of the interacting Lagrangian resulting from
our setting originate in the development of the full interacting Lagrangian of
D = 11, N = 1 SUGRA.
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2 Construction of consistent interactions
We begin with a free model given by a Lagrangian action, written as the sum
between the linearized Hilbert-Einstein action (also known as the Pauli-Fierz
action), the action for an Abelian three-form gauge field and and that of a
massless Rarita-Schwinger field in eleven spacetime dimensions
SL0 [hµν , Aµνρ, ψµ] = S
PF
0 [hµν ] + S
3F
0 [Aµνρ] + S
RS
0 [ψµ]
=
∫
d11x
(
−1
2
(∂µhνρ) (∂
µhνρ) + (∂µh
µρ) (∂νhνρ)
− (∂µh) (∂νhνµ) + 1
2
(∂µh) (∂
µh)
− 1
2 · 4!FµνρλF
µνρλ − i
2
ψ¯µγ
µνρ∂νψρ
)
. (1)
The theory described by action (1) possesses an Abelian generating set of gauge
transformations
δǫ,εhµν = ∂(µǫν), δǫ,εAµνρ = ∂[µενρ], δǫ,εψµ = ∂µε, (2)
where the gauge parameters {ǫµ, εµν} are bosonic and ε is fermionic. In addition
εµν are completely antisymmetric and ε is a Majorana spinor. The gauge algebra
associated with (2) is Abelian.
We observe that if in (2) we make the transformations εµν → ε(θ)µν = ∂[µθν],
then the gauge variation of the three-form identically vanishes, δε(θ)Aµνρ ≡ 0.
Moreover, if we perform the changes θµ → θ(φ)µ = ∂µφ, with φ an arbitrary scalar
field, then the transformed gauge parameters identically vanish, ε
(θ(φ))
µν ≡ 0.
Meanwhile, there is no nonvanishing local transformation of φ that annihilates
θ
(φ)
µ , and hence no further local reducibility identity. All these allow us to
conclude that the generating set of gauge transformations given in (2) is off-
shell, second-order reducible.
In order to construct the BRST symmetry for the model under study we
introduce the fermionic ghosts ηµ and Cµν corresponding to the gauge param-
eters ǫµ and εµν respectively, the bosonic ghost ξ associated with the gauge
parameter ε, the bosonic ghosts for ghosts Cµ and the fermionic ghost for ghost
for ghost C due to the first- and respectively second-order reducibility. The
antifield spectrum is organized into the antifields
{
h∗µν , A∗µνρ, ψ∗µ
}
of the orig-
inal fields and those corresponding to the ghosts {η∗µ, C∗µν , ξ∗}, C∗µ and C∗.
The antifield of the Rarita-Schwinger field, ψ∗µ, is a bosonic, purely imaginary
spinor.
Since both the gauge generators and the reducibility functions for this model
are field-independent, it follows that the BRST differential s reduces to s = δ+γ
(where δ is the Koszul-Tate differential and γ stands for the exterior derivative
along the gauge orbits).
The action of the antifield-BRST differential s can always be realized in
an anticanonical form, s· = (·, S), where (, ) is the anticanonical structure,
2
named antibracket, and S stands for its generator. The nilpotency of s becomes
equivalent to the master equation (S, S) = 0. For the free model under study,
S reads as
S = SL0 +
∫
d11x
(
h∗µν∂(µην) +A
∗µνρ∂[µCνρ]
+ψ∗µ∂µξ + C
∗µν∂[µCν] + C
∗µ∂µC
)
. (3)
It has been shown in [4] that if an interacting theory can be consistently
constructed, then we can associate with (3) a deformed solution
S → S¯ = S + λS1 + λ2S2 + · · · (4)
which is the BRST generator of the interacting theory (in the above λ is known
as the coupling constant or deformation parameter)(
S¯, S¯
)
= 0. (5)
Projecting (4) on the various powers in the coupling constant, we find that the
components of S¯ are restricted to satisfy the equivalent tower of equations
(S, S) = 0, (6)
2 (S1, S) = 0, (7)
2 (S2, S) + (S1, S1) = 0, (8)
...
In view of this, the construction of consistent interactions becomes equivalent to
solving equations (7)–(8), etc. (equation (6) is satisfied by hypothesis, since S
given by (3) is the solution of the master equation for the starting free theory).
The finding of solutions to the deformation equations relies on the computation
of the local BRST cohomology of the starting free theory in ghost number zero
(ghost number is the overall degree that grades the BRST complex). According
to the decomposition given by (4), Sk will be called deformation of order k (of
the solution to the master equation).
We have shown in [6]–[9] that the first-order deformation S1 can be decom-
posed as a sum of six components
S1 = S
h−A
1 + S
h−ψ
1 + S
A−ψ
1 + S
A
1 + S
ψ
1 + S
h
1 , (9)
where
Sh−A1 =
∫
d11x
[
−kC∗ (∂µC) ηµ − k
2
C∗µ
(
Cν∂
[µην] − (∂νC)hµν
+2 (∂νCµ) ην) + kC
∗
µν
(
hµρ∂
ρCν − (∂ρCµν) ηρ − 1
2
Cρ∂
[µhν]ρ
+Cνρ∂
[µηρ]
)
− kA∗µνρ
(
ηλ∂
λAµνρ +
3
2
Aνρλ∂
[µηλ]
3
−3
2
(
∂λCνρ
)
hµλ −
3
2
Cρλ∂[µh
ν]
λ
)
+
k
4
Fµνρλ
(
∂µ
(
Aνρσhλσ
)
+
k
4!
Fµνρλh− 1
3
Fµνρσhλσ
)]
, (10)
Sh−ψ1 =
∫
d11x
[
k¯ξ∗ (∂µξ) η
µ − k¯
8
(
i
2
η∗µξ¯γµξ − ξ∗γµνξ∂[µην]
)
+
ik¯
4
h∗µν ξ¯γµψν +
k¯
8
ψ∗µγαβ
(
ψµ∂[αηβ] − ξ∂[αhβ]µ
)
+k¯ψ∗µ (∂νψµ) η
ν +
k¯
2
ψ∗µψν∂[µην]
− k¯
2
ψ∗µ (∂νξ)hµν +
ik¯
4
ψ¯µγ
µνρ
(
∂λψρ
)
hνλ − ik¯
8
ψ¯µγ
µνρψλ∂[νhρ]λ
+
ik¯
8
ψ¯µ
(
γρψν − ik¯
2
σνργλψ
λ
)
∂[µhν]ρ −
ik¯
4
hψ¯µγ
µνρ∂νψρ
]
, (11)
SA−ψ1 =
∫
d11x
[
k˜
2
C∗µν ξ¯γµνξ − k˜
3 · 4!ψ
∗µF νρλσγµνρλσξ
+
k˜
9
ψ∗µFµνρλγ
νρλξ − 3k˜A∗µνρξ¯γµνψρ
− k˜
4
(
ψ¯µγνρψλ +
1
12
ψ¯αγαβµνρλψ
β
)
Fµνρλ
]
, (12)
SA1 =
∫
d11x [qεµ1···µ11Aµ1µ2µ3Fµ4···µ7Fµ8···µ11 ] , (13)
Sψ1 =
∫
d11x
[
m
(
ψ∗µγ
µξ +
9i
2
ψµγ
µνψν
)]
, (14)
Sh1 =
∫
d11x
[
1
2
η∗µην∂[µ ην] + h
∗µρ
(
(∂ρη
ν)hµν − ην∂[µhν]ρ
)
+LH−E1 − 2Λh
]
. (15)
In formulas (10)–(14) k, k¯, k˜, q and m are some arbitrary constants. In (15)
we used the notations LH−E1 and Λ for the cubic vertex of the Einstein-Hilbert
Lagrangian and respectively for the cosmological constant.
The next equation, responsible for the second-order deformation S2, is pre-
cisely (8). By direct computation we proved in [9] that the antibracket (S1, S1)
naturally decomposes into
(S1, S1) = (S1, S1)
h−A + (S1, S1)
h−ψ + (S1, S1)
A−ψ
4
+(S1, S1)
ψ
+ (S1, S1)
h
+ (S1, S1)
int
, (16)
where (S1, S1)
sector(s)
is the projection of (S1, S1) on the respectively mentioned
sectors(s). The consistency of the first-order deformation requires that the con-
stants k, k¯, k˜, q, m, and Λ are subject to the following algebraic equations:
k¯
(
k¯ − 1) = 0, k˜ (k + k¯) = 0, mk˜ = 0, k˜
(
q +
k˜
3 · (12)3
)
= 0, (17)
k (k + 1) = 0, k˜2 +
k¯2
32
= 0, k˜2 − kk¯
32
= 0, 180m2 − k¯Λ = 0. (18)
There are two main types of nontrivial solutions to the above equations, namely
k = −1 or k = 0, k˜ = k¯ = m = 0, Λ, q = arbitrary, (19)
and
k = −k¯ = −1, k˜1,2 = ± i
√
2
8
, q1,2 = − 4k˜1,2
(12)
4 , m = 0 = Λ. (20)
The former type is less interesting from the point of view of interactions since it
maximally allows the graviton to be coupled to the 3-form (if k = −1). For this
reason in the sequel we will extensively focus on the latter solution, (20), which
forbids both the presence of the cosmological term for the spin-2 field and the
appearance of gravitini ‘mass’ constant. Decomposition (16) allows us to write
the second-order deformation under the form
S2 = S
h−A
2 + S
h−ψ
2 + S
A−ψ
2 + S
ψ
2 + S
h
2 + S
int
2 , (21)
with
Sh−A2 =
1
2
∫
d11x
{
1
8
FµνρλFµνξπ
[
hξρh
π
λ −
1
3!
δξρδ
π
λ
(
1
4
h2 − hαβhαβ
)
−1
3
δξρhλσh
πσ
]
+
1
16
Fµνρλ
[
−hµπhξπ
(
∂νAξρλ +
4
3
∂ξAνρλ
)
Aξρλ∂µ
(
hνπh
λπ
)
+ 4Aµνξh
π
ρ∂[πh
ξ
λ] −Aµνξh∂[ρhξλ] + 2hξρhπλ∂ξAπµν
]
−1
8
[
1
3
hξλh∂ξAµνρ +Aµξπ∂ν
(
hξρh
π
λ
)]
Fµνρλ
+
1
16
∂ξ
(
hπ[µAνρ]π
)[
∂ρ
(
h[ξτ A
µν]τ
)
− 1
3
∂ξ
(
h[µτ A
νρ]τ
)]
+qi
(
3hξµ1Aξµ2µ3Fµ4...µ7 − 4hξµ1Aµ2µ3µ4Fµ5...µ7ξ
+
1
2
hAµ1µ2µ3Fµ4...µ7
)
Fµ8...µ11ε
µ1...µ11
+
3
2
A∗µνρ
[
Cρξ∂µ
(
hνλh
λξ
)
+
3
2
hρξh
λξ∂λCµν + 2Cµλh
ξ
ν∂[ξh
λ
ρ]
5
−1
2
Aµνλ
(
hλξ∂[ρηξ] + hρξ∂
[ληξ] + 2σλπηξ∂[ρhπ]ξ
)
+Aµνλhρξ∂
[ληξ] − 2
3
hλξηξ∂λAµνρ
]
+ “more”
}
, (22)
Sh−ψ2 =
∫
d11x
{
i
8
ψ¯µγσψσ
[
hνρ∂[µhν]ρ − hρ[µ∂ν]hρν + hρ[µ∂ρhνν]
+
1
2
(
∂νhρ[µ
)
hρ
ν]
]
− i
16
ψ¯µγ
µνρψλh∂[νhρ]λ
+
i
64
ψ¯µγµνρλσψ
νhρω∂[λhσ]ω
+
i
16
ψ¯αγρψβ
[
h
(
∂[αhβ]ρ − 2σρβ∂[αh λλ]
)
− hλρ∂[αhβ]λ
+hλ[α∂β]h
λ
ρ − hλ[α∂λhβ]ρ −
1
2
(
∂ρhλ[α
)
hλβ]
]
+
i
8
ψ¯µγ
µνρ
[
(∂λψρ)hh
λ
ν + (∂νψρ)
(
hλσhλσ − h
2
2
)]
− i
8
ψ¯αγ
αβγ
[
hβµhγν∂
µψν − hβλ∂λ (hγσψσ) + 3
2
(∂µψγ)hβρh
ρµ
−1
2
ψλh
ρλ∂βhγρ − 3
2
ψσhγλ∂βh
λσ
]
+
i
8
h∗µνhρµξ¯γ(νψρ)
+
3
8
ψ∗µ (∂ρξ)hµνh
νρ +
1
8
ψ∗[µψν]
(
hρµ∂[νηρ] − ηρ∂[µhν]ρ
)
−1
2
ψ∗µ (∂ρψµ) ηνh
νρ +
1
16
ψ∗µγαβψµ
(
hρα∂[βηρ] − ηρ∂[αhβ]ρ
)
+
1
8
ψ∗λγµνξ
(
hρλ∂µhνρ − hρµ∂[νhρ]λ −
1
2
hρµ∂λhνρ
)
+ “more”
}
,(23)
SA−ψ2 = −
i
16
∫
d11x
[
3A∗µνρA λµν ξ¯γ(ρψλ) + “more”
]
, (24)
Sψ2 =
∫
d11x
{
1
27
ψ¯αγρψβ
(
ψ¯αγρψβ + 2ψ¯αγβψρ +
1
2
ψ¯µγ
µνραβψν
)
− 1
25
ψ¯αγµψµψ¯αγ
νψν +
1
28
ψ¯µγνρψλ
(
ψ¯[µγνρψλ] +
1
2
ψ¯αγ
αβµνρλψβ
)
− i
25
ψ∗µγαβ
[
ψµξ¯γαψβ − ξ
(
ψ¯µγαψβ +
1
2
ψ¯αγµψβ
)]
+
i
29
ψ∗µψν ξ¯γ(µψν) −
i
3 · 26 ψ
∗
[µγνρλ]ξψ¯
µγνρψλ
+
i
3 · 27ψ
∗σγµνρλσξψ¯
µγνρψλ + “more”
}
, (25)
Sh2 =
∫
d11x
{
LEH2 −
1
4
h∗µν
[
hλµ∂ν
(
hρλη
λ
)
+
1
2
hρλ
(
∂λhµν
)
ηρ
6
+
3
2
(
∂(µhν)λ − ∂λhµν
)
hλρη
ρ
]
+ “more”
}
, (26)
and the terms expressing the simultaneous interactions among all the three types
of fields amount to
Sint2 =
∫
d11x
{
k˜i
12
(
ψ¯[µγνρψλ] +
1
2
ψ¯αγ
αβµνρλψβ
)
×
× [Fµνρσhσλ − 3∂µ (hσνAρλσ)]
− k˜i
8
hFµνρλ
(
ψ¯µγνρψλ +
1
12
ψ¯αγ
αβµνρλψβ
)
− ik˜i
18
ψ∗[µγνρλ]ξ [Fµνρσh
σ
λ − 3∂µ (hσνAρλσ)]
+
ik˜i
36
ψ∗µγ
µνρλσξ [Fνρλεh
ε
σ − 3∂ν (Aρλεhεσ)] + “more”
}
. (27)
In formulas (22)–(27) “more” means terms of antighost numbers ranging from
two to four.
3 Lagrangian structure of the interacting theory
From S¯ (built as in (4) on behalf of (3), (9) and (21)) we can identify the
Lagrangian gauge structure of the interacting model. We have shown in [9],
based on the isomorphism between the local BRST cohomologies of the Pauli-
Fierz model and respectively of the linearized version of the vielbein formulation
of spin-two field theory and using a convenient partial gauge-fixing [10], that
the Lagrangian action the deformed theory reads as
SL =
∫
d11x
[
2
λ2
eR (Ω (e))− ie
2
ψ¯µΓ
µνρDν
(
Ω + Ωˆ
2
)
ψρ − e
48
F¯µνρλF¯
µνρλ
−λk˜i
96
e
(
F¯µνρλ + Fˆµνρλ
)(
ψ¯αΓ
αβµνρλψβ + 2ψ¯
[µΓνρψλ]
)
− 4λk˜i
(12)
4 ε
µ1µ2···µ11 A¯µ1µ2µ3 F¯µ4···µ7 F¯µ8···µ11
]
(28)
and, moreover, it is invariant under the gauge transformations
1
λ
δ¯ǫ,εe
a
µ = ǫ¯
ρ∂ρe
a
µ + e
a
ρ∂µǫ¯
ρ + ǫabe
b
µ +
iλ
8
ε¯γaψµ, (29)
δ¯ǫ,εA¯µνρ = ∂[µε¯νρ] + λ
[
ǫ¯λ∂λA¯µνρ +Aλ[µν
(
∂ρ]ǫ¯
λ
)− k˜iε¯Γ[µνψρ]] , (30)
δ¯ǫ,εψµ = Dµ
(
Ωˆ
)
ε+ λ
[
(∂ρψµ) ǫ¯
ρ + ψρ∂µǫ¯
ρ +
1
4
γabψµǫab
7
+
ik˜i
9
ΓνρλεFˆµνρλ − ik˜i
72
ΓµνρλσεFˆ
νρλσ
]
. (31)
The deformed gauge transformations remain second-order reducible. The entire
gauge structure of interacting theory can be found in [9].
It is clear now that the interacting model resulting from our cohomological
approach is nothing but D = 11, N = 1 SUGRA [1]–[3].
4 Conclusion
In this paper we have shortly presented the problem of the cohomological BRST
approach to the construction of consistent interactions in eleven spacetime di-
mensions that can be added to a free theory describing a massless spin-2 field, a
massless (Rarita-Schwinger) spin-3/2 field, and an Abelian 3-form gauge field.
The couplings are obtained under the hypotheses of analyticity in the coupling
constant, space-time locality, Lorentz covariance, Poincare´ invariance, and the
derivative order assumption (the maximum derivative order of the interacting
Lagrangian is equal to two, with the precaution that each interacting field equa-
tion contains at most one spacetime derivative acting on gravitini). Our main
result is that if we decompose the metric like gµν = σµν + λhµν , then we can
indeed couple the 3-form and the gravitini to hµν in the space of formal series
with the maximum derivative order equal to two in hµν such that the resulting
interactions agree with the well-known D = 11, N = 1 SUGRA couplings in the
vielbein formulation.
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